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Abstract. We obtain a exponential large deviation upper bound for continu- 
ous observables on suspension semifiows over a non-uniformly expanding base 
transformation with non-fiat singularities (or criticalities), where the roof func- 
tion defining the suspension behaves like the logarithm of the distance to the 



^vj ' singular/critical set of the base map. Suspension semifiows model the dynam- 

— s/i ' ics of flows admitting cross-sections, where the dynamics of the base is given 

by the Poincare return map and the roof function is the return time to the 
cross-section. The results are applicable in particular to semifiows modeling 
^^ ' the geometric Lorenz attractors and the Lorenz flow. 

Q 
-)— » 

1. Introduction 

Given a H61der-C^ local diffeomorphism / : M \ S ~^ M outside a volume 
zero non-flal|_j singular set S, let X* : Mr — > Mr be a semiflow with roof function 
r : A/ \ iS ^ R over the base transformation f , as follows. 

Set Mr = {(a;,y) e M x [0, -l-oo) : < y < r{x)} and X° the identity on Mr, 
\^ , where M is a compact Riemannian manifold. For x = xq S M denote by x„ the 

Cn I nth iterate /"(xq) for n > 0. Denote Sl(p{xo) = X!?=o '^(^j) for "- > 1 and for any 

Ti^lj- ■ given real function (p. Then for each pair (xq, sq) G Xr and i > there exists a 

^^ ' unique n > 1 such that S'„r(xo) < sq +t < 5„+ir(xo) and define 

oo ' 

O ■ X*(xo,so) = (x„,so +i- 5„r(xo)). 



The study of suspension (or special) flows is motivated by modeling a flow ad- 
mitting a cross-section. Such flow is equivalent to a suspension semiflow over the 
^ . Poincare return map to the cross-section with roof function given by the return 

time function on the cross-section. This is a main tool in the ergodic theory of 
uniformly hyperbolic flows developed by Bowen and Ruelle[!6]. 

An invariant probability measure /i for a flow X* on a compact manifold is a 
physical (or Sinai-Ruelle-Bowen) probability measure if the points z satisfying for 
all continuous functions V' 

lim - I i:iX'{z))ds= I i^dfj., 

t-^ + oo t Ja J 



Key words and phrases, non-uniform expansion, physical measures, hyperbolic times, large 
deviations, geometric Lorenz flows, special flows. 

/ behaves like a power of the distance to cS; ||D/(3S')|| Ri dist(x, cS)^*^ for some /3 > (see 
Alves-Araujo[l] for a precise statement). 
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form a subset with positive voluinqj on the ambient space. These measures are an 
object of intense study [5]. 

Having such invariant probabihty measures it is natural to consider the rate of 
convergence of the time averages to the space average, measured by the volume of 
the subset of points whose time averages stay away from the space average by a 
prescribed amount up to some evolution time. We extend part of the results on 
large deviation rates of Kifer IJ^ from the uniformly hyperbolic setting to semiflows 
over non-uniformly expanding base dynamics and unbounded roof function. These 
special flows model non-uniformly hyperbolic flows like the Lorenz flow, exhibiting 
equilibria accumulated by regular orbits. 

1.1. Conditions on the base dynamics. We assume that the singular set S 
(containing the points where / is either not defined, discontinuous or not differen- 
tiable) is regular, e.g. a submanifold of AI , and that / is non-uniformly expanding: 
there exists c > such that for Lebesgue almost every x G M 

limsup — S'„V'(2;) < —c where ip{x) = log ||D/(a;)~"'^||. 

n — ^-t-oo ri 

Moreover we assume that / has exponentially slow recurrence to the singular set 
S i.e. for all e > there is ^ > s.t. 

hmsup — logLeb I x e M : — S'„| log ^^(x, 5)1 > e > < 0, 
n^+oo n I n ' ' } 

where ds{x,y) = d{x,y) if d{x,y) < 6 and ds{x,y) = 1 otherwisqj- 

These conditions ensure |2] in particular the existence of finitely many ergodic ab- 
solutely continuous (in particular physical) /-invariant probability measures /zi , . . . , /i^ 
whose basins cover the manifold Lebesgue almost everywhere. 

We say that an /-invariant measure fj, is an equilibrium state with respect to the 
potential log J, where J — |detZ3/|, if h^{f) — /i(log J), that is if /i satisfies the 
Entropy Formula. Denote by E the family of all such equilibrium states. It is not 
difficult to see that each physical measure in our setting belongs to E. 

We assume that E is formed by a unique absolutely continuous probability mea- 
sure. 

1.2. Conditions on the roof function. We assume that r : M\S -^ M+ has 

logarithmic growth near S: there exists K = K{ip) > such thai|j r ■ Xb(s,s) ^ 
K ■ I logds{x,S)\ for all small enough 5 > 0. We also assume that r is bounded 
from below by some ro > 0. 

1.3. Main result. 

Theorem A. Let X^ be a suspension semifiow over a non-uniformly expanding 
transformation f on the base M, with roof function r, satisfying all the previouly 
stated conditions. 



given by a normalized volume form induced by the Riemannian metric on M, also reffered to 
as Lebesgue measure 

d here is the Riemannian distance on M. 
B{S, 5) is the (5-neighborhood of S. 
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Let ip : Mr — > M &e continuous, v = ji K Leb he the induced invariant measur(^ 
for the semiflow X* and A — Leb k Leb be the natural extension of volume to the 
space Mr- Then 



lim sup — log A < z G Mr 



1 



T 



- / V {X\z)) dt - v{^) 



>e\ <Q. 



1.4. Consequences for the Lorenz flow. The Lorenz equations 

X — 10(y — x), i) — 28a; — y — xz, z = xy — 8z/3 

were presented by Lorenz[8] as a simphfied model of convection on the Earth's 
atmosphere. Recently Tucker[9] showed that the above equations and similar equa- 
tions with nearby parameters define a geometric Lorenz flow: we may find a global 
cross-section given by a (embedded) square whose Poincare first return map pro- 
vides a roof function with logarithmic growth near the singularity line and having 
a uniformly contracting one- dimensional foliation. 





Figure 1. The global cross-section for the geometric Lorenz flow 
and the associated Id quotient map, the Lorenz transformation. 



The one-dimensional map / obtained quotienting over the leaves of the stable 
foliation has all the properties stated previously for the base transformation. The 
Poincare return time gives also a roof function with logarithmic growth near the 
singularity line. 

The uniform contraction along the stable leaves implies that the time averages 
of two orbits on the same stable leaf under the first return map are uniformly close 
for all big enough iterates. If P : S ^ [^Ij 1] is the projection along stable leaves 

Lemma 1.1. For tp : U D A —^ R. continuous and bounded, e > and i^ix) = 
L ^'{x, t) dt, there exists C ■ [— 1, 1] \ tS — > R with logarithmic growth near S such 
t/iat{|i5«^-M¥')|>2e}cp-i({|i5/C-Ai(C)|>e}u{i5,{|logdist,(y,5)|> 

'}) 

Hence in this setting it is enough to study the quotient map / to get information 
about deviations for the Poincare return map. Coupled with the main result we 
are then able to deduce 



5for any A C Mr set u{A) = At(r)~i ! dti{x) f^^'^^'dsXAi^, s). 
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Corollary B. Let X^ be a flow on M"^ exhibiting a Lorenz or a geometric Lorenz 
attractor with trapping region U. Denoting by Leb the normalized restriction of the 
Lebesgue volume measure to U , ip : U —^ ]S. a bounded continuous function and fi 
the unique physical measure for the attractor, then for any given e > 



lim sup — log Leb < z e U 



^ {x\z)) dt ~ ^l{^) 



>e'> <0. 



Moreover for any compact K C U such that fi{K) < 1 we have 

limsup-logLebfja; £ K : X\x) (EK,0<t<T}) < 0. 

T->+oo TV / 



2. Idea of the proof 

We use properties of non-uniformly expanding transformations, especially a large 
deviation bound recently obtained[3], to deduce a large deviation bound for the 
suspension semiflow reducing the estimate of the volume of the deviation set to the 
volume of a certain deviation set for the base transformation. 

The initial step of the reduction is as follows. For a continuous and bounded 
ip : Mr ^ R, T > and z = {x, s) with x G M and < s < r{x) < oo, there exists 
the lap number n = n{x, s, T) G N such that Snr{x) < s + T < Sn+ir{x), and we 
can write 

ijj{X\z))dt^ iJ;{X\x,0))dt+ I ^(X*(/"(x),0))di 



/o 



rif^x)) 

^{X\f^ix),0))dt. 



Setting >f{x) = Jq ip{x, 0) dt we can rewrite the last summation above as Sn^{x). 
We get the following expression for the time average 

1 / ^{X\z)) dt = ^SM=^) -l-f ^(X*(x, 0)) dt 



T 



T 



T 



T 







T+s-Snr{x) 



^{X\f"ix),0))dt. 



Writing I — I{x, s, T) for the sum of the last two integral terms above, observe that 
for w > 0, < s < r{x) and n = n(x, s, T) 



(X, S) G Mr 



-Snf{x) + I{X, S, T) -- 



> UJ 



is contained in 

{x, s) G Mr 



-Sr,f[x) -- 

T ^ r 



> 



||u{(a:,.s)GM, :/(x,s,r)>|} 



The left hand side above is a deviation set for the observable y over the base trans- 
formation, while the right hand side will be bounded by the geometric conditions on 
S and by a deviations bound for the observable r over the base transformation. 
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Analysing each set using the conditions on / and r and noting that for ji- and 
Leb-almost every x ^ M and every < s < r{x) 

SnTJx) ^ T + s ^^ Sn+ir{x) n{x,s,T) 1 



n n n T T^oo ^{r) ' 

we are able to obtain the asymptotic bound of the Main Theorem. 
Full details of the proof are presented in[l]. 
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